We study the transmission coefficient and the spectral resolution of optical filters based on a diffractive optical element (DOE), with a collimating lens, input and output fibers. We limit our study to filters that can be analyzed with a scalar (i.e., Fourier-optical) formalism, and specify requirements that the filter geometry has to satisfy for this formalism to give an accurate description. Finally, we study the trade-off between power loss and spectral resolution in DOE-based filters.
INTRODUCTION
Diffractive optical elements (DOEs) have recently received increased attention as a low-cost component that can be used for spectral filtering within correlation spectroscopy [1] . A correctly patterned reflective surface can be used to focus and reflect light of a certain wavenumber in a certain direction. By rotating this DOE one can sequentially focus different wavenumbers onto a detector [2] . The introduction of [3] has a brief review of various applications of DOE-based filters.
Our main application is the design of DOE-based optical filters. An important requirement for this application is that the scalar approximation (i.e., Fourier optics [4] ) can be used in the diffraction calculations, to make them practical in terms of computer run time. In [5] , a general formalism for the analysis of DOE-based filters was developed. We extend this formalism, and show that practical DOE-based filters can be designed so that they can confidently be analyzed with the scalar approximation.
A system of movable micro-mirrors which allows control of both phase and amplitude was analyzed in [3] within the scalar field approximation. In [3] a matched DOE illumination was assumed, meaning that the field distribution at the source was assumed to produce an illumination of the DOE that for all wavenumbers was uniform over the DOE, and zero outside it. Such an aperture can be called an ideal aperture. Note that when discussing the choice of input aperture, we refer to the field distribution of the input of the system. In Section 2.4 of [3] , the limitations of the ideal aperture approximation are discussed. Instead of assuming such an ideal aperture, the illumination is assumed to overfill the DOE. This can be achieved by having a small input field distribution. In this case a uniform illumination of the DOE is a good approximation, but the filter then has a large power loss, since most of the light from the source goes outside the DOE. Such a small aperture approximation can more easily be realized in practise than an ideal aperture. Below we also use the word aperture when referring to the actual fiber end faces of the input and output fibers, but the meaning should be clear in the context.
We report on our analysis of a DOE-based filter (see Figure 1 ) with more realistic input and output apertures than in [3, 5] and [6] , but limited to a static DOE. Hence we extend the formalism of [5] and [6] and study how the transmission through the system is altered by allowing an illuminating field that varies over the DOE and even overfills or underfills the DOE. We have studied how a non-ideal illumination of the DOE and a finite-size output aperture affects the power transmission and the spectral resolution of the filter. In Section 2 we will briefly review the scalar theory of diffraction for a DOE filter, extending the analysis in [6] to the case of a realistic beam from an optical fiber. In Section 3 we apply the analysis to the monochromator, one of the most common DOE-based optical filters for laboratory use. For the monochromator example we establish a quantitative relation-ship between the power transmission and spectral resolution of the filter. Section 4 contains our main results, and Section 5 contains our conclusions.
BACKGROUND: PROPAGATION THROUGH THE SYSTEM IN THE SCALAR APPROXIMATION
We study the setup shown in Figure 2 with a collimating lens and input and output fibers, where the fiber end faces are labeled Γ and Σ, respectively. The fiber end faces are called input and output apertures, and the plane they lie in is called the aperture plane. The setup resembles that of the Ebert-Fastie mount for monochromators, see for instance [7] . We first consider propagation of monochromatic light with the wavenumber
where λ is the vacuum wavelength, c is the speed of light, and f is the frequency. We use a standard formula from Fourier optics (see for instance Eq. (4.2-8) in [8] or Eq. (5-19) in [4] ), following the sign conventions of [4] for the definitions of the forward and inverse Fourier transforms.
The field distribution U DOE (x, y, ν) immediately after interacting with the DOE, see Figure 2 , is related to the output field distribution Ψ DOE (ξ, η, ν) by:
For the propagation from the input aperture to the DOE plane, the distance in front of the lens is equal to the focal length F and behind the lens it is equal to d. The propagation is then described by:
Here Ψ Γ (ξ, η, ν) is the input field distribution, and U Γ (x, y, ν) is the field distribution immediately in front of the DOE. The subscript DOE on the integral in Eq. (2) is meant to indicate that the integral is taken over the DOE plane, and the subscript Γ in Eq. (3) that the integral is carried out over the aperture plane.
We assume that the system is designed with a geometry such that the exponential containing
For this assumption to be valid, we will have to place the input and output fibers as close to the optical axis as possible. The fiber mode field radius is small compared to the fiber radius, typically around 5 µm. Thus the maximum value taken by ξ or η in Eq. (3) where Ψ Γ (ξ, η, ν) is non-negligible is approximately equal to the offset R of the center of the source fiber relative to the optical axis. The offset R must then fulfill the condition
If the fibers are placed as close as possible to one another and to the optical axis, the offset R equals the fiber radius. A standard telecom fiber has a diameter of about 125 µm, so the offset can be made as small as R = 62.5 µm, and Eq. (5) then requires F 1 cm for a wavenumber of 1 µm −1 .
Transfer function with a flat mirror in the DOE plane
We start by considering a single flat mirror, and use the formalism in [6] but with zero tilt angle for the DOE. This is a simple, yet important case, because the transmission spectrum of a mirror represents an upper bound for the transmission spectrum of any DOE-based filter.
As in [6] , we assume the input fiber is a single mode fiber in which a field of amplitude e in (ν) and mode field distribution φ Γ (ξ, η) is propagating. e in (ν) is defined so that
is the total optical power propagating in the fiber, and |e in (ν) 2 | is the power spectral density of the waves propagating in the fiber. Furthermore, we assume the input fiber to be centered on (ξ = ξ Γ 0 , η = η Σ 0 ). We can then define the coordinates
The fiber mode field distribution φ Γ is centered on (0,0) in these coordinates. We assume the field coming out of the input fiber has the same distribution as the fiber mode:
The field incident on the DOE is given by Eq. (3). The interaction with the DOE is modeled by multiplying the field before
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the interaction with a complex reflection function s(x, y, ν), so that the field after the interaction is
We can then propagate the U DOE (x, y, ν) back to the aperture plane using Eq. (2). The field that couples into the output fiber can in this way be related to our input field Ψ Γ (ξ, η, ν). In the same way as for the input fiber, we define the mode field distribution φ Σ (ξ Σ , η Σ , ν) of the output fiber with the coordinates
The output fiber is also assumed to be single-mode over the whole spectral range of the input field Ψ Γ (ξ, η, ν), and it is assumed to be normalized over the output aperture in the same way as the input fiber mode distribution (see the normalization in Eq. (9)). The amplitude of the field coupled into the output fiber is then given by
(12) The transfer function is the ratio of the amplitudes of the field in the output fiber and the input fiber,
where we have defined the illumination fields u Γ (x, y, ν) and u Σ (x, y, ν) in the DOE plane:
where k is either Γ or Σ. To arrive at Eq. (14) we left out the exponential factor containing (d − F) in Eqs. (2) and (3) under the assumption that the inequalities in Eqs. (4) and (5) hold where
In the next section we introduce a Gaussian input fiber mode field and discuss the transfer function in this case, first for a flat mirror in the DOE plane, and then for a set of micromirrors acting as the DOE. We shall let the amplitude of the illuminating fields Eq. (14) vary over the DOE and also overfill or underfill the DOE.
TRANSFER FUNCTION FOR A SYSTEM WITH GAUSSIAN FIBER MODE FIELD DISTRIBUTION
We choose the mode field distribution for both the input fiber and the output fiber to be a Gaussian distribution
With k = Γ this represents the mode field distribution of the input fiber, and with k = Σ it represents that of the output fiber. A Gaussian mode field distribution allows us to perform analytic calculations, with a mode field distribution that is also a close approximation to the mode field distribution of standard step-index fiber at the operating wavenumber [9] . In such a fiber, the mode field diameter in general depends on wavenumber. See Section 4.2 for a discussion of the transfer function where a standard parametrization of this dependence is taken into account. By convention, see for instance [9] , the term fiber mode radius when referring to a Gaussian field, is the distance from the center where the field strength has dropped by a factor e.
Let us assume that the detector is small and positioned so as to maximize the collection of light reflected by a DOE that is just a simple mirror. What a patterned DOE then can do compared to a mirror is to direct some of the optical power away from the detector. Hence, a DOE filter cannot transmit more power than a mirror, not for any frequency. The computed transmission spectrum for a simple mirror represents an upper limit for the transmission of a DOE with the same projected area as the mirror. This limiting mirror transmission spectrum therefore becomes an important characteristic of any practical DOE filter.
The transfer function for our setup is given by Eq. (13). We also define the power transmission T(ν) of the filter as the absolute square of the transfer function:
For a flat mirror that is perfectly reflecting for all wavenumbers of interest, the complex reflection function is s(x, y, ν) = 1. Eq. (14) contain a two-dimensional inverse Fourier transformation of the fiber mode fields φ k , so the illumination fields with Gaussian mode field distribution become:
Here k = Γ and k = Σ labels the illumination field for the input and output fibers respectively.
Transfer function for a flat, square mirror
We consider a square mirror with side length W. The input and output fibers are assumed to be placed symmetrically about the optical axis, with center coordinates ξ Γ 0 = −ξ Σ 0 , and η Γ 0 = η Σ 0 = 0. Furthermore, we assume in this section that the fiber mode field distributions are equal for the input and output fibers:
Inserting the expressions for the illuminating fields, Eq. (17) into Eq. (13), integrating over the square DOE, and using the following definition of the error function
The transfer function for the flat mirror will be used as a reference for the transmission coefficient of the monochromator setup we will study in the following (Section 3.3).
In Eq. (3) in [3] , the expression for the transfer function (referred to there as the filtering function) is valid under the assumptions that the incident fields are uniform over the DOE, and that they are zero outside of the DOE. This is called the ideal aperture approximation, and is very hard to realize in practice. This approximation is discussed in section 2.4 in [3] . By assuming the less restrictive small aperture approximation, the fields can be taken to be uniform over the entire DOE, because the DOE is overfilled. This overfilling necessarily leads to loss of optical power, which can be accounted for by introducing correction factors as suggested in [3] .
Transfer function for a small DOE
Assuming a small DOE size (or equivalently small wavenumber, small source or small detector) in Eq. (20) leads to a simple expression for the power transmission:
The effective areas are defined by
for k equal to Σ for the output fiber and Γ for the input fiber. The definition Eq. (22) of A e f f ,k is chosen so that Eq. (21) is the optical power collected by a small incoherent detector with an area equal to A e f f ,Σ , centered in the output aperture. The small-DOE approximation agrees quite well with the general solution for power transmissions less than 0.1. As discussed above, the case of a flat mirror is important as an upper limit for the power transmission from a DOE of a given area. The simple small-DOE approximation, Eq. (21), is valuable in this context.
Transfer function for a monochromator setup
In this section we study an array of rectangular micro-mirrors (Figure 4) , a model representing the planar diffraction grating often used in a monochromator. The mirrors that together make up the grating are assumed to be identical, and placed so that the projected area of the DOE on the xy-plane is symmetric about the origin of the xy-coordinate system. The DOE is divided in the x-direction into N micro-mirrors which have the full width of the DOE in the y-direction. The height h of each micro-mirror is the total width of the DOE divided by the total number of micro-mirrors: . We have assumed the fiber mode radius to be independent of wavenumber, and the input and output fibers to be identical, so that σ Γ = σ Σ = 5 µm. The normalized width of the mirror is W/F = 0.05.
FIG. 4 The micro-mirror array that is used as a diffractive optical element in this setup.
The z-distance between micro-mirrors is greatly exaggerated.
The mirrors are indexed from n = 1, ..., N, and the bottom edge of each mirror is displaced a distance
from the optical axis. The micro-mirrors are placed at distances z n behind the back focal plane of the lens. The front micro-mirror is placed at z = 2F so that z 1 = 0, and the subsequent mirrors are placed at equal distances D from one another. The distance d n from the lens to micro-mirror number n is then:
The monochromator system is chosen for simplicity and practical relevance, but qualitatively very similar results can be obtained for other DOE-based filter designs.
For the monochromator setup, we find the total transfer function by summing the transfer functions from all the micro-mirrors. We assume that the mirrors are independent and that they do not shadow one another. Thus we have
We use the transfer function for a single flat mirror (Eq. (20)) to find H n (ν) for each micro-mirror. The extra distance z n for the light to travel from the focal plane to the micro-mirror only introduces a phase factor in the transfer function. Again, we assume that the filter geometry is such that the phase factor involving (d − F) in Eqs. (2) and (3) can be disregarded, and then the phase factor is proportional to d n . Hence, we obtain the transfer function H n (ν) for a single micro-mirror at a distance d n from the lens:
Subscript n on the integral indicates that the double integral is taken over micro-mirror number n. The power transmission for the monochromator system is then:
(28)
RESULTS AND DISCUSSION
We study the transmission and spectral resolution for a filter with a DOE consisting of an array of identical micro-mirrors illuminated by a Gaussian beam. The analysis is based on Fourier optics, which puts some constraints on the geometry of the filter system: The size of the DOE must be much less than the focal length of the lens: W F. The source and detector apertures must be close to the optical axis, and their dimensions must be many times larger than the operating wavelength of the filter. Furthermore, the dimensions of the micro-mirrors must also be much larger than the operating wavelength. In effect, the wavenumber cannot be too small.
The expression for the power transmission of the monochromator system is given in Eq. (28). Let us for definiteness assume that the fiber mode radius σ is 5 µm, and independent of wavenumber:
for both input and output fiber. We have made an exception in Section 4.2, where we introduce a standard parametrization of the wavenumber dependence of the fiber mode radius for a single-mode telecom fiber.
All the following results are for DOEs with a spacing in the z-direction (along the optical axis) between micro-mirrors of
where M is an integer, and in the figures the center wavelength was chosen to be λ c = 1.5 µm. For a DOE with N micro-mirrors, the total depth of the array is then (N − 1)D (see Figure 4) .
As one can see from the expression for the illumination fields, Eq. (17), these have a Gaussian distribution in the DOE plane. The distribution is dependent on the wavenumber. In Figure 5 we have plotted the irradiance of the illumination fields in the DOE plane for four different wavenumbers. This shows how the field varies over the DOE for different wavenumbers. For small wavenumbers the DOE is almost uniformly illuminated, but a large portion of the beam misses the DOE, resulting in power loss. For large wavenumbers the beam effectively illuminate only the central part of the DOE. This leads to reduced spectral resolution of the filter. The illumination of the output aperture is shown schematically for light of two different wavenumbers in Figure 6 . The angular divergence ∆θ div of the beam reflected from the DOE is inversely proportional to the diameter of the beam when it leaves the DOE. This diameter is equal to the DOE width W for a small DOE, whereas for a large DOE, an effective beam diameter has to be computed from the power distribution of the illuminating beam. When the filter operates at the design wavenumber, the center of the beam hits the center of the output aperture. A monochromator has the property that when the wavenumber changes with ∆ν, the center of the beam shifts an angle ∆θ disp . The resolution of the filter depends on how fast the beam is shifted away from the detector when the wavenumber is changed. The angular shift is inversely proportional to the range ∆z of positions z n covered by the illuminating beam. ∆z is equal to the total range of z n for a small DOE, whereas for a large DOE, an effective range has to be computed from the power distribution of the illuminating beam. We shall in the following see how the resolution and power transmission is affected by the geometry of the system.
Varying the DOE geometry
In Figure 7 we plot the power transmission for two DOEs of different size, each consisting of five identical micro-mirrors spaced at distances D = λ c /2 from one another. In the
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Journal of the European Optical Society -Rapid Publications 3, 08016 (2008) H. Angelskår, et. al. same plots we show the same quantity for a flat mirror (red, dashed curve) as a reference showing the maximum power transmission for a DOE of the same size, as discussed above in Section 3. We have peaks in the power transmission for wavenumbers that are integer multiples of the design wavenumber (σν c ≈ 3.33). With increasing wavenumber, the peaks broaden and the peak transmission increases to one. This is more pronounced in Figure 7b than in Figure 7a , since Figure 7b shows results for larger mirrors than Figure 7a .
The spectral resolution of the filter can be improved by increasing the range ∆z of mirror positions z n , for example by increasing the number of mirrors and reducing the mirror size. However, for our main application, filter design, this is not straightforward, since not only the filter resolution, but the overall response function of the filter is affected by such a subdivision. This is not necessarily desired as it distorts the spectral filter.
In Figure 8 we plot the half-width versus power transmission for several systems with different number of mirrors but with equal total DOE width W. We have normalized the value of the half-widths to the number of micro-mirrors divided by the distance between two peaks in the diffraction pattern. Note however that as one approaches a large number of mirrors within a certain total DOE width W, one is approaching the domain where the micro-mirror width is no longer large compared to the wavenumber, and hence the scalar diffraction theory is no longer valid.
The normalized curves for different number of mirrors are very similar, showing that the trade-off between resolution and filter transmission is nearly the same in all cases. For instance we see that if we only allow a reduction of about 25% of the signal power, we must accept an increase in half-width of about 25%.
This example shows that one must take care when designing such a filter with non-uniform illumination, and points out the important effects. We can make the same kind of statements regarding the trade-off between power transmission and spectral resolution for any DOE-based filter, as long as the filter geometry allows us to use Fourier optics.
Wavenumber dependence of the mode field size
As described in [9] , the size of the fiber mode field distribution can be parametrized by
where a is the fiber core radius, and the V parameter is
Here n 1 is the refractive index in the fiber core, while n 2 is the index of the cladding. The parametrization is valid for 1.2 < V < 2.4. In typical single-mode fibers for optical communication, a = 4 µm and V ≈ 2.4 for ν = 1.2 µm, so that the parametrization is valid for 0.4 µm −1 < ν < 0.8 µm −1 . The effective width of the power illuminating the DOE when Eq. (31) is used for σ(ν), has a maximum for ν = 0.65 µm −1 . The power transmission in this case is shown in Figure 9 for a mirror of size W/F = 0.1. We see that there is a minimum around 0.65 µm −1 , corresponding to the maximum width of the illumination.
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CONCLUSION
In many DOE applications a uniform illumination of the DOE is desirable. To achieve this in practice, one has to use an illuminating beam with an effective diameter that is larger than the DOE, overfilling the DOE, so that part of the incident power is lost. On the other hand, underfilling of the DOE to achieve high power transmission leads to poor spectral resolution for DOE-based filters.
By use of scalar diffraction theory we have found analytical expressions for the transfer function of DOE-based optical filters in general, considering the effect that a source and a detector with finite size have on the spectral response. We are reminded of the properties of a filter where a simple flat mirror is used as a DOE, in particular that its spectral response is not flat, and that the mirror spectrum represents an upper limit for the transmission spectrum of any DOE-based filter. We consider in particular a model of a monochromator. In part of our analysis, we take into account the wavenumber dependence of the waveguide modes of the input and output fibers.
Our main result is an estimate of spectral distortion introduced by a requirement for a small transmission loss in the micro-mirror array. Small transmission loss means a nonuniform illumination of the DOE, and hence leads to a distortion of the spectrum. For the specific case of a monochromator with a Gaussian beam illumination of the diffraction grating, if less than 25% transmission loss is required, more than 25% loss in spectral resolution must be accepted, regardless of the number of grooves in the grating.
